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Abstract. Using the techniques of ,20, and ^D], we prove that 
certain log forms may be hfted from a divisor to the ambient vari- 
ety. As a consequence of this result, following [221, show that: 
For any positive integer n there exists an integer r„ such that if 
AT is a smooth projective variety of general type and dimension n, 
then 4>rKx '■ X --^ F{H°{OxirKx))) is birational for all r > r„. 



1. Introduction 

One of the main problems of complex projective algebraic geometry 
is to understand the structure of the pluricanonical maps. If X is of 
general type, then by definition the pluricanonical map (prKx ■ X --"^ 
FlH^lOxirKx))) is birational for all sufficiently large r. It is a natural 
question to then ask if there is an r„ such that (prKx is birational as 
soon as r > r„, uniformly for any variety of general type of dimension 
n. When X is a curve, it is well known that (prKx is birational for 
r > 3 and when X is a surface, Bombieri proved in ^ that (prKx is 
birational, for r > 5. 

However, starting with threefolds the problem is substantially harder, 
since there are threefolds of general type for which the minimal model 
is necessarily singular. In fact it is easy to write down examples of 
threefolds of general type, for which the index of Kx (the smallest 
multiple of Kx which is Cartier) on a minimal model is arbitrarily 
large (for example, take any hypersurface of sufficiently large degree 
in any weighted projective space). In this case, a priori, the degree of 
Kx (equivalently the volume of Kx on a smooth model) could be arbi- 
trarily small. Even the case when the minimal model is smooth, or at 
least the index of Kx is bounded, has attracted considerable attention. 
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see for example, [Zj, 0, [111 0; there have only been partial 
results in the general case, see [TT], [12] and [T7] . 

Recently, Tsuji settled this problem for 3-folds and assuming the 
minimal model program, for all higher dimensional varieties, see j22j . 
Using ideas of Tsuji, we prove the following: 

Theorem 1.1. For any positive integer n, there exists an integer rn 
such that if X is a smooth projective variety of general type and di- 
mension n, then (prKx- ^ ^{H^{C)x{rKx))) is hirational for all 

r > Tn- 

p.ll) has some interesting consequences: 

Corollary 1.2. Let n he a positive integer and M he a positive con- 
stant. Then the family of all smooth projective varieties of general type 
of dimension n and volume of Kx at most M, is hirationally hounded. 

Corollary 1.3. Let n he a positive integer. Then there is a positive 
constant ?7„ > such that given any smooth projective variety X of 
general type of dimension n, the volume of Kx is at least rjn- 

As Maehara points out in [THj (see also ^2), one also recovers the 
Severi-Iitaka conjecture: 

Corollary 1.4. For any fixed variety X , there exist only finitely many 
dominant rational maps vr: X Y (modulo hirational equivalence), 
where Y is a variety of general type. 

The proof of the above results closely follows Tsuji's original strat- 
egy; in fact this note grew out of our desire to understand |22j. Even 
though our proof is based on the ideas of this paper, it only relies on the 
techniques of algebraic geometry. In particular we do not use the "An- 
alytic Zariski Decomposition" and we do not make use of the results 
of [23 (which we were unable to follow). The main tools employed in 
this paper are the algebraic techniques of the minimal model program 
and in particular the theory of log canonical centres and of multiplier 
ideals. 

We now give a short informal sketch of the proof of (jl.lj) . which 
closely follows the strategy of Tsuji's proof, see As one would 

expect, the goal is to produce a Q-divisor A ~q XKx such that A 
has an isolated log canonical centre at a general point x G X. There 
is a well estabhshed strategy for producing divisors with log canonical 
centres at a general point x G X, as soon as the volume is sufficiently 
large, so that the rational number A depends only on the volume of 
Kx. 
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The problem is that the smallest log canonical centre V containing 
X might well be of positive dimension. In order to produce an isolated 
log canonical centre, one proceeds by inductively cutting down the 
(dimension of the) log canonical centres. As x is general, a resolution 
of y must have general type, and so by induction we can certainly 
find a Q-divisor Q on W with the required properties. 

At this point, the idea is to lift sections from V to the whole of X. 
In principle this ought to be straightforward; indeed if Kx is nef, then 
we can lift G to the whole of X, as an easy application of Serre vanish- 
ing. In practice we cannot assume that Kx is nef, and this step of the 
argument forms the technical heart of the paper. In fact we generalise 
some results and techniques of [201 [IHl ioi extending pluricanon- 
ical forms from a divisor to the whole space. Instead of just lifting 
pluricanonical forms, we lift certain log pluricanonical forms, from a 
log canonical centre to the whole of X, using a variant of multiplier 
ideal sheaves, see ^ It is then not too hard to prove that we can then 
lift log canonical centres from W to X, see ^ 

Then we prove, assuming (jl.lj) in dimension less than n, that (prKx 
is birational, where r is a fixed linear function of 1/ vol(X)^/", which 
only depends on the dimension. If vol{Kx) > 1, the theorem follows 
easily. If yol{Kx) < 1, one then shows that X belongs to a birationally 
bounded family and the existence of r„ is then clear. 

As already pointed out, the main technical point is ()3.17|) . the result 
which shows that certain log forms may be lifted from a divisor to 
the ambient variety. We hope that it will find other applications in a 
variety of contexts. For example, in [U], we use this result to prove a 
conjecture of Shokurov which in particular implies that the fibers of 
a resolution of a variety with log terminal singularities are rationally 
chain connected. 

We now raise some questions and problems, which are closely related 
to (HH): 

Problem 1.5. Find explicit (hopefully small) values of Vn- 

Even determining would seem interesting. Indeed in the past 
twenty years or so, our knowledge of threefolds has increased consider- 
ably; in particular we have Reid's powerful Riemann-Roch formula for 
terminal threefolds and we are able to write down many explicit ex- 
amples of threefolds of general type. Thus determining the value of 
would seem to be a reasonable problem. In fact we raise the following: 

Question 1.6. Is the rational map (p27Kx always birational, whenever 
X is a threefold of general type? 
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Note that we have httle or no evidence for an affirmative answer 
to apart from the examples of Fletcher in [S]. In particular 

for the threefold X4Q, a hypersurface in the weighted projective space 
P(4, 5, 6, 7, 23), see jS], 4>mKx birational iff m = 23, or m > 27. 

Finally it seems natural to conjecture that we can drop the condition 
that X is of general type in 

Conjecture 1.7. There is a positive integer Vn with the following prop- 
erty: 

Let X be a smooth variety of non-negative Kodaira dimension, of 
dimension n. Then the rational map (prKx ^■^ birationally equivalent to 
the litaka fibration. 

Unfortunately the methods of this paper don't seem to apply directly 
to (fTTjl . 

2. Preliminaries 

2.1. Notation and conventions. We work over the field of complex 
numbers C. A Q-Cartier divisor D on a normal variety X is nef if 
D - C > for any curve C G X. We say that two Q-divisors Di, D2 are 
Q-linearly equivalent {Di ~q D2) if there exists an integer m > such 
that mDi are linearly equivalent. Given a morphism of normal varieties 
/: X — > Y, we say that two divisors Di and D2 on X are /-linearly 
equivalent {Di ~j D2) if there is a Cartier divisor B on Y such that 
Di D2 + f*B. We say that Di and D2 are /-numerically equivalent 
[Di =f D2) if there is a Q-Cartier divisor B onY such that Di = D2 + 
f*B. A pair {X, A) is a normal variety X and a Q-Weil divisor A such 
that Kx + A is Q-Cartier. We will say that a pair {X, A) is a log pair, 
if in addition A is effective. We say that (X, A) is a smooth pair if X 
is smooth and A is a Q-divisor with simple normal crossings support. 
A projective morphism fi: Y — > X is a log resolution of the pair 
{X, A) if Y is smooth and yU~^(A) U {exceptional set of fi} is a divisor 
with simple normal crossings support. We write fi*{Kx + ^) = Ky + T 
and r = ^ ttiTi where Fj are distinct reduced irreducible divisors. The 
pair {X, A) is kawamata log terminal (resp. log canonical) if there 
is a log resolution fi: Y — > X as above such that the coefficients of 
F are strictly less than one i.e. < 1 for all i (resp. < 1). The 
number 1 — is the log discrepancy of Fj with respect to (X, A). 
We say that a subvariety C X is a log canonical centre if it is 
the image of a divisor of log discrepancy at most zero. We will denote 
by LLC(X, A, x) the set of all log canonical centres containing a point 
X G X. A log canonical place is a valuation corresponding to a 
divisor of log discrepancy at most zero. A log canonical centre is pure 
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if Kx + A is log canonical at the generic point of V. If moreover there 
is a unique log canonical place lying over the generic point of V, we 
will say that V is an exceptional log canonical centre. 

2.2. Volumes. 

Definition 2.1. Let X be an irreducible projective variety and let D 
be a big Q- divisor. The volume of D, is 

vol(Z^) = limsup . 

When D is very ample, vol{D) is just the degree of the image of X in 
FH°{X, Ox{D)). When D is nef, then vo\{D) = Ddim(x)_ ^^^^^ 
that the volume of D only depends on its numerical class and one can 
extend the volume function to a continuous function vol: N^{X) — > M. 

(cf. mi). 

Lemma 2.2. Let X be a projective variety, D a divisor such that (j)£, 
is birational with image Z . Then, the volume of D is at least the degree 
of Z and hence at least 1 . 

Proof. We may replace X by an appropriate birational model and in 
particular we may assume that := 0/5 is a morphism. Since (p is 
birational, its image Z is a non-degenerate subvariety of projective 
space and hence its degree is at least 1. From the inclusion 

cl>*O^N{l)\Z^OxiD), 

one sees that vol(D) > vol(Cpiv(l)|Z) > 1. □ 

2.3. Log Canonical Centres. Here we recall some well known results 
regarding log canonical centres. The first Lemma shows that when the 
volume of a Q-divisor L is big, it is possible to produce a numerically 
equivalent Q-divisor A^. with high multiplicity at a general point x. 

Lemma 2.3. Let V be an irreducible projective variety of dimension 
d, L a big Q^-C artier divisor on V , and x & V a smooth point. If for a 
positive rational number a, one has 

vol(L) > 

then for any sufficiently divisible integer k ^ 0, there exists a divisor 
A = Ax G \kL\ with mult^(A) > ka. 

This is easily seen by a parameter count comparing the number of 
sections in Ov{kL) and the number of conditions one needs to impose 
for a function to vanish at a smooth point to order at least ka. The 
next lemma shows that if the multiplicity of a Q-divisor at a given 
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point is sufficiently big, then the given point belongs to an appropriate 
log canonical centre. 

Lemma 2.4. Let (X, A) be a log pair, x a smooth point of X . If 
mult^(A) > dimX, then LLC(X,A,x) ^ 0. //mult^(A) < 1, then 
LLC(X, A,x)=0. 

Proof See (H] 9.3.2 and 9.5.13. □ 

Assume that {X, A) is log canonical at x. It is often useful to assume 
that Z = LLC(X, A, x) is an irreducible variety. To this end recall (cf. 
D and P (3.4)) 

Lemma 2.5. Let X be a normal variety and let A be an effective Q- 
Cartier divisor such that Kx + ^ is Q-Cartier. Assume that x ^ X is a 
kawamata log terminal point of X and that {X, A) is log canonical near 
X E X. IfWi,W2 G LLC(X, A,x), and W is an irreducible component 
of Wi n W2 containing x, then W is in LLC(X, A,x). Therefore, if 
(X, A) is not kawamata log terminal at x, then LLC(X, A,x) has a 
unique minimal irreducible element, say V . Moreover, there exists an 
effective Q-divisor E such that 

LLC(X, (1 - e) A + eE, x) = {V} 

for all < e <^ 1. We may also assume that there is a unique log 
canonical place lying above V. If X is projective, x E X is general and 
L is a big divisor, then one can take E = aL for some positive number 
a. 

2.4. Non- vanishing and birational maps. Recall the following well 
known method for producing sections of adjoint line bundles: 

Lemma 2.6. Let X be a smooth projective variety and D a big divisor 
on X . Let < A < 1 a rational number and assume that for every 
general point x E X , there exists A = A^; ~(q XD a Q-divisor such that 
X is a maximal (in terms of inclusion) element of LCS{X, A, x). Then 
h\Ox{Kx + £>))> and h%Ox{Kx + 2D)) > 2. 

Proof. For m ^ 0, let G be a general divisor in |mZ}|. Then x is 
not contained in the support of G and so x is the only element of 
LLC(X, A + i^G, x). Let /i : X' — ^ X be a log resolution of (X, A + 
^G) and let"" 

J := J(X, A + i^G) := ^.Ox'iKxux - L/i*(A + l^G)S). 
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We may assume that fi*\mD\ = F + \M\ where F has simple normal 
crossings and |M| is base point free and hence M is nef and big. Then 

m m 
m m 

So — L/i*(A + i^G) J is numerically equivalent to the sum of a frac- 
tional divisor with simple normal crossings and a nef and big divisor. 
By Kawamata-Viehweg vanishing, one sees that R'^^^:Ox'{Kx' +fi*D — 
LyU*(A + i^G')j) = for i > 0. So there is a short exact sequence 

Again by Kawamata-Viehweg vanishing, one has that 

h\Ox{Kx + D)(»I) = h\Ox'{Kx' + fi*D -^i2*{A + ^—^G)j)) = 0. 

m 

Since x is the only element of LLC(X, A + ^^G, x), one has that C^, 
is a direct summand of o^^t^^+d^^t ^'^ Ox{Kx + D) is generated 

clIj X. 

Pick a general point xi. Then we may find Di ~q \D with an 
isolated log canonical centre at Xi. Now pick a general point X2, not 
in the support of Di, and pick a general divisor D2 ~q AZ) with an 
isolated log canonical centre at X2- As X2 and are general, D2 does 
not contain Xi. Thus Xi and X2 are isolated log canonical centres of 

The rest of the proof that h^{Ox{Kx + 2D)) > 2 now follows the 
line above. □ 

Given a line bundle with at least two sections, one has a rational 
map to P^. The following Lemma gives a way to produce birational 
maps. 

Lemma 2.7. Let X be a smooth projective variety. Suppose that 
h^{X, Ox{fnKx)) > 2 for all m > rriQ and let X' — > P-"^ he any mor- 
phism induced by sections of Oxif^oKx) on an appropriate birational 
model X' of X . If F denotes the general fiber and \sKf\ induces a 
birational morphism, then \tKx\ induces a birational morphism for all 
t > mo{2s + 2) + s. 

Proof. Following Theorem 4.6 of rTTI and its proof, one sees that | (mo(2s+ 
1) + s)Kx\ gives a birational map. Since mKx is effective for all 
^ > ""^O) the assertion follows. □ 
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It is also possible to prove a converse to ()2.fi|l : 

Lemma 2.8. Let (X, A) be a log pair of dimension n, and let D he an 
integral Weil divisor such that the image Y of the rational map (j)D has 
dimension n. 

Then there is an open set U such that for any point x (zU , we may 
find A' ~ uD, such that x is the only element o/LLC(X, A + A',x). 

Proof. Let U be the complement of the singular locus, the support of 
A, and the locus where the map (pD is not an etale morphism. 

Pick X G X and let y G F be a point of the image (po'- X — > Y. 
By assumption, Y sits inside projective space P^. Pick n + l gen- 
eral hyperplanes which contain ?/, Hi, H2, . . . , -f^n+i and n + l rational 
numbers ai, 02, . . . , a„+i, such that 

< Oj < 1 and Oj = n. 

i 

Set 

r = ^Ojifi. 

Then y is the only log canonical centre of Ky + P. Let W be the 
normalisation of the graph of = 0^), so that there is a commutative 
diagram 



W 




Let Di = p^q*Hi, and set 

A' = J]aiA. 

Then each is linearly equivalent to so that A' is linearly equiv- 
alent to nD. On the other hand, as is etale over y, it follows that x 
is an isolated log canonical centre of Kx + A + A'. □ 

2.5. Log additivity of the Kodaira dimension. 

Lemma 2.9. Let X and Y he smooth projective varieties and A an 
effective Q-divisor on X with simple normal crossings support. Let 
TT : X — y Y he a morphism and suppose that Kx + A is log canonical 
on the general fiher W of it, and k,{W, {Kx + A)|i4/) > 0. Then 

7i,Ox{m{Kx/Y + A)), 
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is weakly positive, for any m which is sufficiently divisible. In particular 
for any ample line bundle HonY and any rational number e > 0, one 
has that k{Kx/y + A + t-n*H) > dimF. 

Proof. It suffices to prove that 

Ti,Ox{m{Kx/Y + ^h)). 

is weakly positive, where consists of those components of A which 
dominate Y . In fact both [4 , (4.13) and |T3], (9.8) prove that this 
sheaf is weakly positive, as soon as mA/^ is integral. □ 

Remark 2.10. In fact both |4j and jlHj prove a much stronger result, 
by putting an orbifold structure on the base which takes into account 
the multiple fibers of the morphism tt. We will not need this stronger 
form. 

The following consequences of ()2.9|) are well known: 

Corollary 2.11. LetX,Y,A,H be as m (im . 

(1) If Ky is pseudoeffective, then for all rational numbers e > 

k{Kx + a + e'K*H) > dimF. 

(2) IfY is of general type, k{Kx + A) > dimF. 

Corollary 2.12. Let X, Y, and A be as m (jTTI|) . 

Then there exists an ample line bundle A on X such that for all m 
sufficiently big and divisible, h^{X, Ox{fn{Kx/Y + A)) + A) > 0. 

Proof. Let n = dimX. Fix a very ample line bundle H on X such that 
A = Kx + (n + 2)H is also ample. By ()2.9p . for all m sufficiently big 
and divisible, K{m{Kx/Y + A) + H) > 0. By [Hj 11.2.13, one sees that 
/i°(X, Ox{Kx + {n + 2)H + m{Kx/Y + A))) > 0. □ 

3. Lifting sections 

In this section, we prove that certain log pluricanonical forms extend 
from a divisor to the ambient space. We follow the exposition of [TU] 
very closely, which proves that pluricanonical forms extend, indicating 
those places where the definitions and proofs have to be modified. 

Definition 3.1. Let (X, A) be a smooth log pair, where every com- 
ponent of A has coefficient one and let D be a divisor on X. Let 
H : W — > X be a birational morphism from a smooth variety W and 
let be the support of all divisors of log discrepancy zero. Assume that 
there is a decomposition 

H*D = P + M, 
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in Div{W) (S>ffi such that P is fi-nef and M is effective, where B U M U 
{the exceptional set of fi} has normal crossing support, and G and M 
have no components in common. The multiplier ideal sheaf X/^ m 
is defined by the following formula 

Note that any component of the strict transform of A is automat- 
ically a component of 0. Equivalently, in the notation analogous to 
[TUj . one has that 

fi^Owi^P^ + Kw + &)= Ia,m{D + Kx + A). 

When A = 0, this reduces to the usual definition of Tm- The nota- 
tion '~P^ is somewhat misleading as '"P"' 7^ rpn f^j. |-^q Q-linearly 
equivalent divisors. Therefore we replace it by fi*D — \_M_i. 

Remark 3.2. The definition of 6 is motivated by two conflicting re- 
quirements: 

(1) On the one hand, we require 

to be effective and exceptional. This forces us to include any 
divisors of log discrepancy zero into B. 

(2) On the other hand, to be able to apply vanishing, we will need 
the supports of M and G to have no components in common. 
Thus we cannot allow any divisor in Q, which belongs to M. 

Note that Xa,m is a coherent sheaf of ideals of Ox which is deter- 
mined only by M, A and /i. Since {Kw + Q) - fJ'* {Kx + A) and /x*A-6 
are effective, one has that 

(*) fx,Ow{-^M^) C Ia,m C Im- 

We will need the following easy fact: 

Lemma 3.3. Let v. W — > W be a birational morphism of smooth 
projective varieties, G a reduced divisor on W , T a Q-divisor on W 
with lF J < and such that G + r has simple normal crossings support 
and where G, T have no components in common. Then {W, G + T) 
is log canonical and the set of divisors in W of log discrepancy for 
{W, G + T) and for {W, G) coincide. 

Proof See 2.31 of [Hj. □ 

Lemma 3.4. Notation as in (j3.ip . If ly. W — > W is a birational 
morphism, such that 

u*M U {u o 11)* A U {exceptional locus of {u o /i)}, 
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has simple normal crossings, then lA,iy*M is also defined and Ia,m = 

Proof. Let O' be the sum of all the divisors in W of log discrepancy 
zero for (X, A). Then 0' is also the sum of all divisors in W of log 
discrepancy zero for {W,fi*A — Kyy/x) and so for {W, 6) (as one has 
/x*A — Ky/jx = Q — F where F > has no component in common 
with B and Q + F has simple normal crossings support, and so (j3.3j) 
applies). Since M and G have no common components and M + O 
has simple normal crossings, one sees that M contains no log canonical 
centres of {W, G). Thus z/*M has no components in common with G' 
and so Ta,v*m is defined. Note that 

M = lMj + {M} 
i/*M = z/*lMj + iy*{M} 
Liy*M^ = v*^Mj + LZ/*{M}j 

By definition 

Ia,v*m = (i^ o ^l)^Ow^{,Kw'/x + & -{vo /i)*A - lz/*Mj) = 

/X, {Ow{Kw/x + G - /i*A - lMj) ® u,Ow'iKw'/w + ©' - z^*© - lz/*{M}j)) . 
Suppose that 

Kw'/w + 0' - - LZ/*{M}j, 
is effective and exceptional for u. Then 

u,Ow'iKw'/w + 0' - - LZ/*{M}j) = Ow, 

and the lemma follows. We may write 

Kw + e* = u*{Kw + e + {M}) + E, 

where G* is the reduced divisor whose components are the divisors on 
W of log discrepancy zero for {W, G + {M}) and hence for {W, G). By 
(nOD . G* = G' and so 

Kw'/w + 0' - ^^*0 - LZ/*{M}j = ^E^, 
is effective and exceptional as desired. □ 

It is important to be able to compare multiplier ideal sheaves. Here 
is the first basic result along these lines: 



so that, 
and so. 
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Lemma 3.5. Let {X, A) be a smooth log pair, where every component 
of A has coefficient one and let D be a divisor on X. Assume that 
there is a birational map fi : W — > X with the properties of ()3.H) . Let 
A' < A be another divisor, where every component of A' has coefficient 
one. 
Then 

Proof. Let F be an exceptional divisor extracted by /i. Then the coef- 
ficient of F in 

{Kw + Q)-fi*{Kx + A), 

is either the log discrepancy minus one, whenever the log discrepancy 
is at least one, or it is zero. In particular the coefficient of F is an 
increasing function of the log discrepancy of F. It follows easily that 

{Kw + e) - fi*{Kx + A) < {Kw + e') - fi*{Kx + A'), 
which in turn gives the inclusion of ideal sheaves. □ 

Theorem 3.6. Let {X, A) be a smooth log pair, where every component 
of A has coefficient one and letir: X — > S be a projective morphism of 
algebraic varieties. Let M be an integral divisor such that M =^ L-\-G 
where 

(1) L is TT-nef and there is an effective Q-divisor B such that A = 
L — B is Ti -ample, 

(2) A and GU B have no components in common, lGj = and 

(3) the support of AU B U G has simple normal crossings. 
Then BPti^Ox{Kx + A + M) = 0, for all p>0. 

Proof. As L is vr-nef, L — 6B is 7r-ample, for any 6 > 0. Pick e > such 
that eA + L — 6B is 7r-ample. As A and G U B have no components 
in common and every component of A has coefficient one, we see that 
(X, (1 — e) A + G + 6B) is kawamata log terminal for any 6 sufficiently 
small. But then, since 

A + M =^ {eA + L - 6B) + {1 - e)A + G + 6B, 

we may apply Kawamata- Viehweg vanishing. □ 

We fix some notation: 

(1) (Y, r) is a smooth log pair, 

(2) the divisor X C F is a component of F of coefficient one, 

(3) {Y, r) is log canonical, 

(4) S is the germ of an algebraic variety, 

(5) it: Y — > S" is a projective morphism, 

(6) A is the restriction of F — X to X. 
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Note that we make no requirement about how X sits in Y, with 
respect to tt. We will also assume that every coefficient of F has coef- 
ficient one, until ()3.16|) . 

Definition 3.7. A divisor D on Y will be called n-effective for the 

pair (y, X) if the natural homomorphism 

is not zero. It is called ir-Q-effective for the pair {Y,X) if mD is 
TT-effective for the pair {Y^X) for some positive integer m. D is said 
to be n-big for the pair {Y,X) if we can write mD = A + B for a 
positive integer m, a n-ample divisor A and a TT-effective divisor B for 
the pair (Y, X). 

A divisor D on X will be called ir-transverse for {X, A) if the sheaf 
Ox{D) is Tc-generated at the generic point of every log canonical centre 
of Kx + A. D will be called n-Q-transverse for (X, A) if mD is 
7^ -transverse for some m > 0. 

Now we turn to the definition of sheaves jT^ ^i, ^a^d, JTa.d; ^a,D5 
which generalize the sheaves JT^, Jhi of Definition 2.10 of 10|. 
We will need a: 

Definition 3.8. Let (X, A) be a log pair and let fi: W — > X be a 

birational morphism. We say that fi is canonical if every exceptional 
divisor extracted by fi has log discrepancy at least one. 

If {X, A) is a pair consisting of a smooth variety and a divisor with 
simple normal crossings support, then note that fi is canonical provided 
it is an isomorphism in a neighbourhood of the generic point of any 
irreducible component of the intersection of the components of A, that 
is provided it is an isomorphism in a neighbourhood of any log canonical 
centre. Note also that if fi is canonical, then B is the strict transform 
of A. 

Definition 3.9. Let D be a ir-Q-transverse divisor for (X, A). For 

each positive integer m, such that mD is n -transverse, pick a proper 
birational canonical morphism /i^: Wm — ^ X from a smooth variety 
Wm, such that 

(1) there is a decomposition ^l^{mD) = Pm + Mm in Div{Wm) such 
that the natural homomorphism 

(tt o fim)*Ow,^{Pm) — ^ n^Ox{mD), 

is an isomorphism, 

(2) is 71 o n^-free, and 
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(3) MmUQrn^{the exceptional set of ^m} is effective, with normal 
crossing support, where 9^ is defined as in (|3.1|) . 

We define 

where the union is taken over all positive integers m such that mD is 
n -transverse. If D itself is n-transverse then we setZ^j^ =Ia,Mi- 

Now suppose that D is a n-Q-transverse divisor on Y for {Y,r). 
For every positive integer m, such that mD is a it -transverse divisor 
for {Y,r), pick a birational morphism firn'- Wm — ^ Y from a smooth 
variety Wm, such that 

(1) there is a decomposition ii*^{mD) = Qm + Nm in Div(Wm) such 
that the natural homomorphism 

(vr o /Um)*Ciy„(Qm) — ^ iT^OY{mD), 

is an isomorphism, 

(2) Qm is 71 o ix^-free, and 

(3) Nm is effective, and Xm+Nm+Qm+{the exceptional set of fim} 
has normal crossing support, where Xm is the strict transform 
of X and 9^ is defined as in fl3.ip . 

By assumption X^ is not contained in the support of N^. We define 

where the union is taken over all positive integers m such that mD is 
71 -transverse for the pair (Y, T). If D itself is 7i -transverse for (Y, T), 
then we set T\jy= Xa^atjI^^^ . 

Remark 3.10. We will not make use of the sheaves T\d, for i = 
and 1. We have included their definition for the sake of completeness. 

Lemma 3.11. Let D he a ir-Q-transverse divisor for {Y,r) (respec- 
tively for {X,A)). Then the sheaf J'^ is defined, it does not depend 
on the resolution fim CLnd we may choose fim to be canonical for any m 
sufficiently divisible, where i = 1 (respectively i = 0). Further, we may 
assume that there is a ^m-o-i^plG divisor whose support is exceptional. 

Proof. This is an easy consequence of (13. 4j) and of the Resolution 
Lemma of [21] ■ □ 

Lemma 3.12. Let D be a n-Q-transverse divisor for {Y,r). 

(1) JLd c 

,D\x 
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(2) // B is an effective integral divisor, which does not contain X 
and D -\- B is tc-Q- transverse for {Y, T), then 

Jkoi-B) dJlo+B, ^ = 0, 1. 

(3) There is a positive integer m such that 

1 T III. 1 ' m 

Proof. (1) follows, since A^mU™ > as divisors on X^- (2) is clear. 
(3) follows as X is Noetherian. □ 

Lemma 3.13. Let D he a -K-Q-transverse divisor for {Y,X,r). Then 

(1) J^A,aD ^A,D> /^'^ ^''^y rational number a > 1 and i = 0, 1. 

(2) JT"^ ^ C J'^ j^j^j^, for any ■n-free divisor L, and i = 0, 1. 

(3) Im(7r,Cy(D) n,Ox{D)) C vr.Jl .^(D). 

Proof. First of all, notice that Definition (j3.9j) also makes sense for Q- 
divisors. (1) and (2) are clear. We may assume that /i^ is chosen so 
that fi*^D = P + M in Div(W„) and 

is an isomorphism. Since M > M^/m one sees that there are inclusions 

Ow^ilil^D -M)C OwJf^*^D - ^Mjm^) C Ow^{^i*^D). 

We now push forward via (tt o /i^). Since P = fi^D — M, both the 
left and right hand sides push forward to 7r*(9y(D). So the image of 
71^0y{D) is contained in the image of (vr o ^rn)*Ow„XlKnD ~ \-Mm/mj) 
and hence in vr* JloiD) (cf. equation Q, after ((23)). □ 

The following lemma is the key result that will allow us to generalize 
the results of Siu and Kawamata to the setting of log-forms: 

Lemma 3.14. Suppose that D is a divisor on Y and suppose that there 
is an effective divisor BonY such that 

(1) A = D — B is n-ample, and 

(2) B is Ti-Q-transverse for {Y, T). 

Then 

n,Jli,{D+Kx+A) C Im(7r,Oy(D + Ky + T)^ n,Ox{D + Kx + A)). 
Proof. Notation as in ()3.9|) . There is an exact sequence 

Xm 

m 

X 

OxjKx^ + {Qm - X^)\x^ + if^lD - ^—^)\xj — 0. 
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Claim 3.15. Ifm is sufficiently large then 

Proof of Claim. By fl3.1H) . we may assume that /i^ is canonical and 
there is an effective divisor E supported on the exceptional locus such 
that fi^A — is TT o /i^-ample. As /i^ is canonical, E + {Nm/rn} and 
Gm — have no common component. Since B is vr-Q-transverse, we 
may assume that fi^{mB) N' where N' and 9^ — Xm have no 
common component and Nm + A^' + 6m + {exceptional locus of fim} 
has simple normal crossings support. Notice that since D — i? is Tr- 
ample, we have that D is vr-Q-transverse and that Nm < A^'. We now 
apply (jSH) to A = Bm - Xm, M = fi*^D - ^Njnij, G = {Nm/m} 
and L = Qrn/m. Notice that L - {^^^ + E) ~^o/.„ fi*mA - E is 
TV o yUm-ample and ^ ~J^"^ + i^^ is effective. The hypothesis of f)3.6p are 
now verified and so 

A^ 

W{t^ o iim).Ow^{Kw^ + Qm-Xm + li^D - j) 
vanishes for p > 0. □ 
Thus there is a surjective homomorphism 

m 

ino^m).OxjKx^+Qm-Xm+f^*mD-^^^) = Jl^iD+Kx+A), 

m 

hence the assertion. □ 

Theorem 3.16. Let X G Y be a smooth divisor in a smooth variety. 
Fix a positive integer e. Let H be a sufficiently it -very ample divisor 
and set A = (dimX + 1)H . Assume that 

(1) r is a Q-divisor with simple normal crossings support such that 
r contains X with coefficient one and (y, F) is log canonical; 

(2) k is a positive integer such that kV is integral; 

(3) C > is an integral divisor not containing X; 

(4) Given D = k{KY + T), D' = D\x = k{Kx + A) andG = D + G, 
then D' is ir-Q-pseudo-effective (i.e. D' + eH' is t^-Q^- effective 
for any e > and that G is Tc-Q-transverse for {Y, T^). 

Then 

where H' := H\x- 
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Proof. It suffices to prove the stronger inclusion 

This is a modification of the proof of Lemma 3.7 of ^0], which we 
follow quite closely. We prove the inclusion by induction on m, in the 
case e = 1, the general case being left to the reader. 

By assumption mD' + H' is 7r-big, C does not contain X and mG + 
H + A is vr-Q-transverse for {Y, T~') for any non-negative integer m. 
In particular, both sides of the proposed inclusion are well-defined. 

If m = the result is clear. Assume the result for m. Suppose that 

r = ^7jr(j), where < 7^ := ^ < 1. 

j 

Then set 

r. = E ,.U)m where 7.(j) = | J '^[z ^f<V<t + 1. 
With this choice of F,-, we have 



X < Ti < 12 < Ts < ■ ■ ■ < = r,+i = ^r- 

and each is integral. Let Aj be the restriction of Fj — X to X. Set 
Di = Ky + Ti and D<i = ^ Dj. 



With this choice of Di, we have D = D<k- Possibly replacing H by 
a multiple, we may assume that Hi = -D<i_i + Ti — X + H and Ai = 
H -(- D<i + A are vr-ample, for 1 <i < k. We are now going to prove, 
by induction on z, that 

JlD'+H'i.-^C) C J2.+i,mG+D<,+i?+A where < i < fc, 

where we adopt the convention that D<^q = 0. 
Since Ai < ^A^, it follows by 

and so the case i = follows from the inclusion 
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which we are assuming by induction on m. Assume the result up to 
i — 1. Then 

'^*JlD'+H'i^D + D<i + H + A) 

= Ti*J^D'+H'{-^C){mG + D<, + H + A) 

{mG + D<i + H + A) 

G+D<,„i+i/+A("^G' + D<i^i + H + A + Ky + Ti) 

C lm(7r*Cy(mG + D<i + H + A) — > ir^OximG + D<i + H + A)) 

{mG + D<i + H + A), 

where we use induction to get the inclusion of the second line in the 
third line, ()3.14j) applied to the basic identity 

mG + D<i^i + H + A = Ai_i + B, 

to get the inclusion of the fourth line in the fifth line, and (3) of ()3.13p 
to get the inclusion of the fifth line in the sixth line. As 

jZD'+H'{mD+D<i+H+A) = J^^,^H,{{mD+H)+Hi+{dimX)H+Kx), 

is TT-generated by (a trivial generalization of) (3.2) of JUIj it follows 
that 

This completes the induction on i. It follows that 
SO that, by (2) of (jSH, 
But by (1) and (2) of (imi) . 

'^{m+l)D'+H' <^ J'mD'+H'- 

Thus 

<^(m+l)_D'+_H''(~("^ + 1)^*) C J'rA^,{m+l)G+H+A^ 

and this completes the induction on m and the proof. □ 

Corollary 3.17. Let X G Y be a smooth divisor in a smooth variety. 
Let H be a sufficiently n-very ample divisor and set A = (dimX + l)if. 
Assume that 

(1) r is a Q-divisor with simple normal crossings support such that 
r contains X with coefficient one and (Y, F) is log canonical; 
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(2) C > is a Q-divisor not containing X ; 

(3) Kx + A is TT-Q-pseudo-effective, where A = (F — X)\x and 
Ky + r + C is 7T-Q-transverse for {Y, '"F"'). 

For any positive integer m, such that m{KY + T) is integral, the image 
of the natural homomorphism 

■K,OY{m{KY + T + C) + H + A)-^ n,Ox{m{Kx + A + C) + if + A), 

contains the image of the sheaf n^Oxijn^Kx + A) + if) considered as 
a subsheaf of tt^Ox {fn{Kx + A + C) + ii + A) hy the inclusion induced 
by any divisor in mC + \A\ not containing X . 

Proof. Let H' = H\x- Fixing a section a G H^{Y, Oy{A)) not vanish- 
ing on X, we can view 

J^iK^+A)+H'{m{KY + T)+H), 

subsheaf of 

Jl(K^-,A)+H'im{KY + T) + H + A), 

via the map induced by multiphcation by a. As we have seen in the 
proof of (pnT)|) . 

T^*J^(K^+A)+H'iHKY + T)+H + A) = 

^*J^iK.+A)+H'i-mC)imiKY + T + C) + H + A), 
is contained in the image of 7r^.(9y(m(i^y + T + C) + H + A) . Since 

TT^OximiKx + A) + H) = n,J^(j,^+A)+H'iHKY + F) + ii), 
the assertion now follows easily. □ 

4. Lifting log canonical centres 

We fix some notation for this section. Let (X, A) be a log pair, 
where X is Q-factorial, and A is an effective Q-divisor. Let V be an 
exceptional log canonical centre of Kx + A. Let /: W — > \^ be a 
resolution of V. Let be an effective Q-divisor on W. Suppose that 
there are positive rational numbers A and /i such that A ~ XKx and 
~ fiK\Y. Let z/ = (A + l)(/i + 1) — 1. Suppose that W is of general 
type. 

The main result of this section is: 

Theorem 4.1. There is a very general subset UofV with the following 
property: 

Suppose that W C W is a pure log canonical centre of Kw + 0, 
whose image V C V intersects U. 
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Then, for every positive rational number 6, we may find an effective 
divisor A' on X such that V' is a pure log canonical centre of Kx + A', 
where A' ~ (i/ + 6)Kx- Now suppose that we may write Kx ^ A + E, 
where A is ample, E is effective and V is not contained in E. Then we 
may assume that V is an exceptional log canonical centre of Kx + A'. 

(j4.H) is the main step in the proof of In fact (jl.lj) is a standard 

consequences of ()4.1|) . see ^ 

The idea is to hft G as a Q-divisor, using ()3.17|) . However this is 
more dehcate than it might first appear, as we cannot hft G directly 
to X. Instead, we are able to find a sequence of successively better 
approximations G^. In particular we have to pass to a resolution of 
X, and to this end, we introduce some more notation. 

Let vr: Y — > X be a log resolution of (X, A). Let E be the unique 
exceptional divisor of log discrepancy zero with centre V. Possibly 
blowing up further, we may assume that the restriction p: E — > V of 
71 to E factors g: E — > W through /. Thus we have a commutative 
diagram, 




Let C, be the generic point of V and let E^ be the generic fibre of p. 

Lemma 4.2. We may find a positive integer niQ and a positive integer 
s, with the following properties: 

For every sufficiently large and divisible integer m, there is an effec- 
tive divisor Gm on Y such that 

(1) Gm does not contain E, 

(2) Gm + sE^ (mo + m(l + X))'k*Kx, 

(3) Gm\E = ^g*Q + Bm, where the restriction of Bm to the inverse 
image of a fixed open subset of V is effective, and 

(4) B^Ie^ belongs to a fixed linear system. 

Proof. We may assume that 

Ky + T = r{Kx + A) + F, 
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where F and F are effective, with no common components and F is 
exceptional We may write F = ii^ + F'^ + F^, F = F^ + F^ where 
the components of F'* and F^ are the components of T — E and F 
whose images contain V. As V is an exceptional log canonical centre 
for (X, A), {F'^} = F'^ and F'^l^;^ = (F - E)\e^ and so, 

{Ke + T'')\e, = {Ky + r)\E, = F\e, > 0. 
By Corollary (j2.12j) . we may assume that 

h\E, OE{m{KE/w + r^) + H)) > 0, 

where if is a sufficiently ample divisor on Y. Therefore, there is an 
injection 

g*\mKw\ \m{KE + T'^) + H\, 

induced by a choice of a divisor in \m{KE/w + T'^) + H\. 

We now apply ()3.17|) . Possibly blowing up further, we may assume 
that the image of every element of LLC(y, E+T^^) contains V. As the 
divisors E + '~F'*~^ and F have no common components, it follows that 
Ky + T = n*{Kx + A) + F is vr-Q-transverse for (F, E + ^F^^). Notice 
also that as W is of general type, {Ky + E + T^)\e = {Ke + T''\e) 
is Q-effective, by (|ZTT|l . By Corollary (ITTTIl . with S = Spec(C), it 
follows that elements of 

\m{KE + T'^Ie) + H\e\ \m{KE + (F - E)\e) + H\e + A\eI 

can be lifted to elements of 

\m{Ky + T) + H + A\ = \m{7T*{Kx + A) + F) + H + A\. 

Denote by Sm the lift ofmg*Q to \mfi{n*{Kx + A)+F) + H + A\. As 
Kx is big, there is a fixed positive integer mo and an effective divisor 

^0 e \mo7r*Kx - H - A\. 

Then 

Sm+So G \{mo+m{l+\)n)7r*Kx+mfiF\ = \{mQ+m{l+\)fi)7r*Kx\+mfiF 
so that we may write Sm + Sq = G'^ + m/iF for some 
G'^ G |(mo + m(l + \)fi)-K*Kx\. 

We may write 

~ ^rn + sE , 

where Gm does not contain E and s is a positive integer. Since 
does not contain E and 5*0 is a fixed divisor, it is clear that s is fixed. 
Since Gm + rnjjiF contains S'm, it follows that we may write 

Gm\E = mg*Q + Bm, 



22 



CHRISTOPHER D. HACON AND JAMES M'^KERNAN 



where the only components of Bm with negative coefficients, are sup- 
ported on g*Q and contained in E (1 F. Thus (3) holds, and when we 
restrict to we may ignore g*Q. Thus 

Bm\E^ ~ (("^0 + m{l + X)fi)7T*Kx - sE)\e^ = {-sE)\e^. 

□ 

Proof of ()4.1|) . Let U be any very general subset of V, such that 

(1) the morphism p restricted to p^^{U) is smooth, 

(2) every exceptional divisor whose centre intersects U, contains V, 

(3) every component of A which intersects U, contains V, and 

(4) every component of B^ whose image intersects U, dominates V, 
for every sufficiently large and divisible integer m, as in ()4.2|) . 

Let Gm be the sequence of divisors whose existence is guaranteed by 
fOD . Set 

Tm = G'^/m, e„ = TT.r^ and A„ = a,„A + 9^, 

where < 1 is chosen so that the log discrepancy of E with respect 
to Kx + Am is zero. 

Claim 4.3. V is a pure log canonical centre of Kx + A^. 

Proof of Claim. Since this result is local about the generic point of V, 
passing to an open subset of X, we may assume that properties (1-4) 
hold, and that B^ is effective. In this case 

Ky + E + Frn + Grn/m = TC*{Kx + ^rn) whcrC 

Ky + CmE + Fm = rr*{Kx + a^A), 

Fm is a divisor, which does not contain E and Cm = 1 — s/m < lisa 
positive number. Restricting to E, we get 

Ke + F^\e + g*Q + Bm/m. 

Let E' be the inverse image of W. Since the morphism p is smooth, E' 
is a pure log canonical centre of Ke + g*<d. Since V is an exceptional 
log canonical centre, we have lF'^j = 0. Thus Ke + F'* is kawamata 
log terminal. Since B^Ie^ belongs to a fixed linear system and p is 
smooth over U, it follows that the restriction of Bm to any fibre of p 
over U, belongs to a fixed linear system. Thus Ke + F'^I^; + Bm/m is 
kawamata log terminal, for m large enough. As Fm < F'', it follows 
that Ke + Fjn\E + Bm/m is also kawamata log terminal, for m large 
enough. It follows that E' is a pure log canonical centre of KE + Fm\E + 
g*Q + Bm/m. 
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We now apply inversion of adjunction, see (17.7) of ^21- (17.7) is 
only stated for effective divisors. However it is easy to see that (17.6) 
and (17.7) of ^2], extend to the case when the components of negative 
coefficient are contracted by a birational map, since this is the case for 
(17.4) of f^. □ 

Clearly < < 1. Moreover, am approaches 1 as m approaches 
infinity, as the coefficient s/m of E in Tm approaches zero. Pick m so 
that mo/m < 6/2. Then, using the decomposition Kx ^ A + E, there 
is a perturbation A' ~ {h' + 6)Kx of A^, such that V is an exceptional 
log canonical centre of Kx + A'. □ 

5. Effective birational freeness 

In this section we give an effective bound for the rth pluricanonical 
map of a variety of general type, which only depends on the volume of 
Kx and the value of this constant for general subvarieties of X: 

Proposition 5.1. Let X be a smooth variety of general type of di- 
mension n. Let s' he a positive integer such that for every suhvariety 
V of X which contains a very general point of X , the map (ps'Kv ^■^ 
birational. Set 

+2](ns' + l) 



'Yol{Kxy/' 

Then (prKx ^-^ birational, for all r > As{s' + 1) + s'. 

Proof. By (12. 3j) and (j2.4j) . for every very general point x G X, we may 
find a Q-divisor A ~q \Kx with 

n 

A < L— -— — r^j + 1, 



"vol(K 



X 



|l/n- 



such that LLC(X, A,x) 7^ 0. By ()2.5|) . we may assume that {X,A) is 
log canonical near x, that LLC(X, A,a;) contains a unique element V 
and that there is a unique place of log canonical singularities dominat- 
ing V. Let /: W — > be a resolution of V. Then, by (j2.8j) . for a 
general point x' G V, we may find a divisor on W, such that x' is an 
isolated log canonical centre of K\y + 9, where 6 ~q ns'K]^. By (14. Ij) 
it follows that we may find A' ~ (s — l)Kx such that x is an isolated 
point of Kx + A'. By it follows that h^{2sKx) > 2, and so the 
result follows from ()2.7p . □ 

Corollary 5.2. Let X be a smooth variety of general type of dimension 
n. Let s' be a positive integer such that for every subvariety V of X 
which contains a very general point of X , the map 4>s'Kv '^^ birational. 
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If the volume of Kx is at most v, then X is hirational to a subvariety 
of degree at most 

{8{ns' + 1) {s' + 1))" max (n'^, S^'v) . 
Proof. By fl5.1|) . 4>rKx is birational, where 

n 



r = 4s{s' + 1) + s' and s = ( l 



Now 

Yo\{rKx) =r"vol(ifx) 

= iAs{s' + l) + sTvo\iKx) 
<((4s + l)(/ + l))"vol(Kx) 
n 

'vo\{Kx) 

< max ( . , r) {8{ns' + l){s' + 1))" yo\{Kx) 

\vo\{Kx) J 



< 



^. + 3^ {A{ns' + l){s' + l)rYol{Kx) 



< (8(ns' + l)(s' + l))"max(n",3"?;), 



and so we are done by ()2.2|) . □ 

6. Proof of (OD 

Lemma 6.1. Lei vr: X — > B be a bounded family of projective vari- 
eties of general type. Then there is a positive integer R such that if Y 
is a resolution of any fiber of tt, then (prKy ^■^ birational for all r > R. 

Proof. Let F be a fiber over the generic point ^ of a component of B. 
If we pick a projective resolution of Y, then we may extend this to 
an open neighbourhood of ^. Thus, by Noetherian induction, possibly 
replacing S by a union of locally closed subsets, we may assume that 
TT is projective and smooth. If (prKy is birational, then this map re- 
mains birational over an open neighbourhood of ^, and we are done by 
Noetherian induction. □ 

Proof of . We proceed by induction on the dimension. Assume 
that (jl.lll holds up to dimension n—1. By assumption there is a positive 
integer r„_i such that 4>rKw is birational, for any smooth variety W of 
general type of dimension at most n — 1, and for any r > r„_i. 

Now if X is a very general point of X, and V is any subvariety 
containing x, then any resolution 11^ of V is of general type. Hence if 
vol(i^x) > 1, then we are done by (jS.ll) . Thus we may assume that 
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yo\{Kx) < 1- By ()5.2j) . it follows that X is birational to a subvariety 
of projective space of bounded degree. But then the set of all varieties 
of general type such that yo\{Kx) < 1 is birationally bounded, and we 
are done by ()6.ip . □ 

Proof of . By (II. ip and (j2.2p it follows that any smooth variety 
of general type of dimension n, where vol{Kx) < M, is birational to a 
subvariety of projective space of degree at most (r„)"M , and the result 
follows. □ 

Proof of If vol{Kx) > 1 there is nothing to prove, otherwise we 

apply (III21) and □ 

Proof of ()1.4|1 . This is an immediate consequence of the main result of 

dHl. □ 



References 

[1] F. Ambro, The locus of log canonical singularities, arXivimath. AG/9806067. 

[2] X. Benveniste, Sur les applications pluricanoniques des varietes de type tres 
general en dimension 3, Amer. J. Math. 108 (1986), no. 2, 433-449. 

[3] E. Bombieri, The pluricanonical map of a complex surface, Several Com- 
plex Variables, I (Proc. Conf., Univ. of Maryland, College Park, Md., 1970), 
Springer, Berlin, 1970, pp. 35-87. 

[4] F. Campana, Orbifolds, special varieties and classification theory, Ann. Inst. 
Fourier (Grenoble) 54 (2004), no. 3, 499-630. 

[5] M. Chen, The relative pluricanonical stability for 3-folds of general type, Proc. 
Amer. Math. Soc. 129 (2001), no. 7, 1927-1937 (electronic). 

[6] C. Hacon and J. M'^Kcrnan, On shokurov's rational connectedness conjecture, 
math. AG/0504330. 

[7] M. Hanamura, Pluricanonical maps of minimal 3-folds, Proc. Japan Acad. Ser. 

A Math. Sci. 61 (1985), no. 4, 116-118. 
[8] A. R. lano-Fletcher, Working with weighted complete intersections. Explicit 

birational geometry of 3-folds, London Math. Soc. Lecture Note Ser., vol. 281, 

Cambridge Univ. Press, Cambridge, 2000, pp. 101-173. 
[9] Y. Kawamata, On Fujita's freeness conjecture for 3-folds and A-folds, Math. 

Ann. 308 (1997), no. 3, 491-505. 
[10] , On the extension problem of pluricanonical forms. Algebraic geometry: 

Hirzcbruch 70 (Warsaw, 1998), Contemp. Math., vol. 241, Amer. Math. Soc, 

Providence, RI, 1999, pp. 193-207. 
[11] J. KoUar, Higher direct images of dualizing sheaves I, Ann. Math. 123 (1986), 

11-42. 

[12] J. KoUar et al.. Flips and abundance for algebraic threefolds, Societe 
Mathematique de France, Paris, 1992, Papers from the Second Summer Sem- 
inar on Algebraic Geometry held at the University of Utah, Salt Lake City, 
Utah, August 1991, Asterisque No. 211 (1992). 

[13] J. KoUar and S. Mori, Birational geometry of algebraic varieties, Cambridge 
tracts in mathematics, vol. 134, Cambridge University Press, 1998. 



26 



CHRISTOPHER D. HACON AND JAMES KERN AN 



[14] R. Lazarsfeld, Positivity in algebraic geometry. II, Ergcbnissc dor Mathematik 

und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics 

[Results in Mathematics and Related Areas. 3rd Series. A Series of Modern 

Surveys in Mathematics], vol. 49, Springer- Verlag, Berlin, 2004, Positivity for 

vector bundles, and multiplier ideals. 
[15] S. Lu, A refined kodaira dimension and its canonical fibration, 

arXiv:math.AG/0211029. 
[16] T. Luo, Plurigenera of regular threefolds, Math. Z. 217 (1994), no. 1, 37-46. 
[17] , Global holomorphic 2-forms and pluricanonical systems on threefolds, 

Math. Ann. 318 (2000), no. 4, 707-730. 
[18] K. Machara, A finiteness property of varieties of general type, Math. Ann. 262 

(1983), no. 1, 101-123. 
[19] K. Matsuki, On pluricanonical maps for 3-folds of general type, J. Math. Soc. 

Japan 38 (1986), no. 2, 339-359. 
[20] Y-T. Siu, Invariance of plurigenera. Invent. Math. 134 (1998), no. 3, 661-673. 
[21] E. Szabo, Divisorial log terminal singularities, J. Math. Sci. Univ. Tokyo 1 

(1994), no. 3, 631-639. 
[22] H. Tsuji, Pluricanonical systems of projective varieties of general type, 

arXiv:math.AG/9909021. 
[23] H. Tsuji, Subadjunction theorem for pluricanonical divisors, 

arXiv:math.AG/0111311. 

Department of Mathematics, University of Utah, 155 South 1400 E, 
JWB 233, Salt Lake City, UT 84112, USA 
E-mail address: hacon@inath.utali.edu 

Department of Mathematics, University of California at Santa Bar- 
bara, Santa Barbara, CA 93106, USA 
E-mail address: mckernanQmath.ucsb.edu 



